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The successful test of non-Abelian statistics not only serves as a milestone in fundamental physics
but also provides a quantum gate operation in topological quantum computation. An accurate and
efficient readout scheme of a topological qubit is an essential step toward the experimental confirma-
tion of non-Abelian statistics. In the current work, we propose a protocol to read out the quantum
state of a Majorana vortex qubit on a topological superconductor island. The protocol consists of
four Majorana zero modes trapped in spatially well-separated vortex cores on the two-dimensional
surface of a Coulomb blockaded topological superconductor. Our proposed measurement is imple-
mented by a pair of weakly coupled Majorana modes separately in touch with two normal metal
leads, and the readout is realized by observing the conductance peak location in terms of gate volt-
age. Using this protocol, we can further test the non-Abelian statistics of Majorana zero modes in
the two-dimensional platform. A successful readout of Majorana qubit is a crucial step towards the
future application of topological quantum computation. In addition, this Coulomb blockaded setup
can distinguish Majorana zero modes from Caroli-de Gennes-Matricon modes in vortex cores.
I. INTRODUCTION
Majorana zero modes (MZM)1,2 are zero-energy quasi-
particle excitations with neutral charge in the defects
of the topological superconductors (TSC)3–14. A pair
of spatially separated MZMs forms a fermionic state
whose number occupancy encodes the quantum infor-
mation nonlocally. Such information is robust against
most local perturbations and thereby is expected to pos-
sess much longer coherence time15. Moreover, MZMs are
non-Abelian anyons, i.e., exchanging two MZMs will ro-
tate the quantum state in the degenerate subspace15,16.
Thus, quantum gates can be implemented by braid oper-
ations. Due to these two properties (nonlocal quantum
information storage and non-Abelian statistics), MZMs
are a promising candidate for realizing topological quan-
tum computation.
Following multiple seminal theoretical proposals17–21,
much experimental progress has been made in the re-
alization and detection of MZM within the context
of both one-dimensional22–32 and two-dimensional (2D)
platforms33–40. Regarding the 2D case, an s-wave su-
perconducting surface with a single Dirac cone, forming
an equivalent 2D p ± ip superconductor, is able to host
an MZM emerging in the vortex core17. The first can-
didate of this kind is the heterostructure of the topolog-
ical insulator (Bi2Te3) and the s-wave superconductor
(NbSe2). Superconducting proximity effect induces an s-
wave SC pairing on the surface of the topological insula-
tor. Recent scanning tunneling spectroscopy (STS) mea-
surement on Bi2Se3/NbSe2 observed spin-polarization
dependent zero-bias conductance peaks in the vortex
cores of the heterostructure33,34, which are consistent
with the MZM interpretation in tunnel spectroscopy41,42.
However, a major practical problem is that other low-
energy modes, e.g., Caroli-de Gennes-Matricon (CdGM)
modes are very close to the zero mode so that they can-
not be distinguished from the MZM43. Recently, ex-
periments on iron-based superconductors (FeTexSe1−x,
Li1−xFexOHFeSe) provide more evidence for the possi-
ble existence of MZMs in 2D systems, since the level
spacing of those CdGM modes is larger than the STS
resolution35–38. In addition, it has been experimentally
observed44,45 that the tunneling conductance plateaux in
the vortex cores are close to 2e2/h at zero bias voltage.
Given such encouraging experimental progresses made in
the detection of the MZMs in vortex cores, naturally, the
next milestone will be the readout of the quantum infor-
mation encoded in MZMs. However, so far most of the
experimental efforts are focusing on the Majorana reso-
nance41, which does not acquire quantum state informa-
tion encoded. In addition, practical theoretical proposals
for reading out MZMs in 2D TSC are still elusive, which
limits the potential of demonstrating non-Abelian statis-
tics stemming from MZMs in 2D systems.
In this work, we propose a theoretical scheme for read-
ing out a Majorana vortex qubit (MVQ) and testing non-
Abelian statistics. The MVQ consists of four MZMs
trapped in spatially well-separated vortex cores on the
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22D surface of a TSC island with finite charging energy,
which could lead to Fu’s Majorana teleportation46. Our
proposed setup, which is distinct from Fu’s proposal,
does not require a loop-geometry coherent channel and
a threading flux to achieve electron interference, but in-
cludes an additional pair of Majorana modes. This is-
land with four MZMs forms a minimum Majorana qubit,
removing the extra structure complexity, and therefore
more suitable and feasible for 2D superconducting island.
Interestingly, the electron cotunneling process is identi-
cal to the Fu’s teleportation case. Projective measure-
ment can be implemented by a pair of weakly coupled
Majorana modes in touch with separate normal metal
leads in the Coulomb blockade valley, while high resolu-
tion readout of the measurement outcome can be real-
ized by observing the conductance peak location at the
charge degenerate points. This readout scheme can be
used for braiding readout and further extended to Ma-
jorana fusion processes to demonstrate the non-Abelian
statistics. The success of reading out Majorana qubit is
a key step towards the future application of topological
quantum computation. The rest of the paper is orga-
nized as follows. In Sec. II, which is the main part of
the work, we introduce the theoretical model of Majo-
rana vortex qubit and explain how to readout MVQ by
a three-step scheme. Section III shows the readout out-
come for manifesting the non-Abelian nature of MZMs
with the assumption that fusion and braiding operations
can be successfully implemented in the TSC island. In
Sec. IV, possible experimental methods for moving vor-
tices with MZMs are briefly discussed with an estima-
tion of the time scale constraints. In Sec. V, using the
same experimental setup, we show how to distinguish
between MZM and CdGM through tunnel conductance
spectroscopy. Finally, Sec. VI concludes the work with
discussions.
II. READOUT SCHEME FOR MAJORANA
VORTEX QUBIT
The MVQ is a TSC island hosting four MZMs trapped
in spatially separate vortices, and the island is capaci-
tively connected to an adjustable external gate, as shown
in Fig. 1(a). The low-energy effective Hamiltonian of the
TSC island is
HC = EC(N −Ng)2 + n12E12 + n34E34, (1)
where EC = e
2/C is the charging energy, N the total
number of electrons in the TSC island, Ng = CVg/e the
induced charge number tunable via the gate voltage (
in the following, we use Ng to represent the gate volt-
age). Among the four MZMs, as shown in Fig. 1(a), γ1
and γ2 (γ3 and γ4) pair up to form a normal fermionic
state with energy E12 (E34) and occupancy n12 (n34).
In the low-energy Hamiltonian of Eq. (1), we assume
MZMs to be the only relevant excitations, which is true
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FIG. 1. (a) Schematic of a Majorana qubit. The Majorana
qubit is a TSC island, which hosts four spatially separate
MZMs and is capacitively connected to an adjustable exter-
nal gate. (b) Energy spectrum of the TSC island as a function
of the gate voltage Vg. Each parabola corresponds to a fixed
total electron number. (c) Schematic of the projective mea-
surement. We first move γ3 closer to γ4, and then couple the
two Majoranas to separate normal metal leads. (d) Readout
process. Depending on the measurement outcome in (c), a
conductance peak will show up either at V 1g (red peak) or at
V 0g (blue peak).
in the low temperature limit kBT  ∆. The pres-
ence of charging energy constrains the Hilbert space: the
parity of the total electron number should be equal to
N mod 2 = (n12 + n34) mod 2. If the four MZMs are
spatially well-separated (E12, E34 → 0) and the gate volt-
age is tuned near an integer point Ng ≈ 2N0, as shown in
Fig. 1(b), there will be two degenerate ground states in
the TSC island: |2N0; 012, 034〉 and |2N0; 112, 134〉. These
two states span the degenerate subspace of a MVQ. In
the Coulomb blockaded valley, the MVQ has the pro-
tection from the spatially separate MZMs, and in ad-
dition, the charging energy can significantly reduce the
notorious “quasi-particle poisoning” from outside envi-
ronment47–49.
The readout of an arbitrary MVQ state |ψ〉 =
a |012, 034〉 + b |112, 134〉 requires a sequence of efficient
projective measurements to obtain the probabilities |a|2
and |b|2. In our scheme, the projective measurement is
implemented by measuring the two-terminal conductance
via a pair of weakly coupled Majorana modes on the TSC
island. Here we outline the three-step protocol for a sin-
gle readout process:
(i) For a TSC island in the Coulomb blockade valley
Ng ≈ 2N0, we adiabatically lift the double degeneracy
between |2N0; 012, 034〉 and |2N0; 112, 134〉 by moving γ3
closer to γ4 (E34 > 0).
(ii) We weakly couple the two Majorana modes γ3 and
γ4 to separate normal metal leads near the vortex cores,
as shown in Fig. 1(c). The two-terminal conductance
measurement would project the MVQ in one of the basis
states after a measurement time t ∼ (ΓLΓRV/E2C)−1.
3The tunnel broadening of the MZM is defined as ΓL(R) =
2pi|tL(R)|2ρ, with ρ being the lead density of states and
tL(R) being the coupling strength between the MZM and
left (right) lead. V is the voltage drop between the source
and drain leads.
(iii) We tune the gate voltage toward the half integer
point Ng ≈ 2N0 + 1/2. Depending on the measurement
outcome in step ii, a conductance peak will show up at
the charge degenerate point either to the left or to the
right of the half integer point [Fig. 1(d)]. This peak loca-
tion tells us in which basis state the MVQ is projected.
The three steps mentioned above lead to a single read-
out of a MVQ state. To have a statistical estimate of
|a|2 and |b|2, we need to repeat the operation for many
times: prepare the qubit into the same initial state and
then perform the readout procedure. Now, we try to flesh
out the three-step protocol:
The goal of step i is to lift the double degener-
acy between the two ground states |2N0; 012, 034〉 and
|2N0; 112, 134〉. Initially, the four MZMs are spatially
well-separated (E12, E34 → 0) and the SC island is in
the Coulomb blockade valley Ng ≈ 2N0. We then adi-
abatically move γ3 closer to γ4, while still keeping γ1,2
faraway from each other and from γ3,4. More details of
the vortex movement will be discussed in Sec. IV. Due to
the wavefunction overlap between γ3 and γ4, the coupling
between the two modes becomes finite50,51:
E34 ≈
cos
(
pFR34 + pi/4
)
√
pFR34
exp
(
−R34/ξ
)
, (2)
in the large distance limit R34  ξ. Here, R34 is the in-
tervortex distance between γ3 and γ4, ξ the SC coherence
length, and pF the Fermi momentum of the surface Dirac
cone. In the limit of pF → 0, the energy does not oscil-
late, and we can safely assume E34 = δ > 0 to hold when
we adjust R34. Now the energies of the two lowest eigen-
states are split: E(2N0; 112, 134) − E(2N0; 012, 034) = δ,
and this positive energy splitting is crucial to the readout
measurement in step iii. We emphasize that the energy
splitting cannot lead to any parity change of the Fermion
state of γ3,4 since the Fermion parity in the entire system
is protected by the charge energy and γ3,4 do not couple
well-separated γ1 or γ2.
In step ii, we perform a projective measurement on
the MVQ state by a two-terminal conductance measure-
ment in the Coulomb blockade valley. We weakly couple
the Majorana modes γ3,4 to separate normal metal leads.
This can be realized either by two normal electrodes, two
STM tips, or one electrode and one tip52–57. For the STM
tip, the tunneling strength between the tip and the Ma-
jorana modes inside the vortex cores is determined by the
spatial separation between the tip and the vortex core.
For the normal electrode case, a dielectric layer needs to
be placed between the normal electrode and the vortex
core. The corresponding tunneling Hamiltonian is46
HT ≈ −tLdLγ3eiφ/2 − tRdRγ4eiφ/2 + H.c., (3)
where tL(R) is the effective coupling between the left
(right) lead and Majorana γ3(4), dL(R) annihilates one
electron in the left (right) lead, eiφ/2 increases the num-
ber of electrons in the SC island by one, and. For the
SC island in the Coulomb blockade valley (Ng ≈ 2N0),
the dominant process for the electron tunneling between
the source-drain leads is the single electron cotunneling
process, which is a second-order process in terms of the
tunneling Hamiltonian58:
Hco =
∑
m
〈2N0;n34|HT |m〉 〈m|HT |2N0;n34〉
E(m)− E(2N0;n34)
≈ −2itLt
∗
R
EC
[
2n34 − 1
1− 4(∆N)2 +
δ
EC
1 + 4(∆N)2
(1− 4(∆N)2)2
]
d†RdL + H.c.,
(4)
where ∆N = Ng−2N0, and |m〉 is a virtual state with to-
tal number of electrons m = 2N0 ± 1. The leading-order
term in the cotunneling transmission amplitude has a pi-
phase shift depending on the occupancy n34, while the
next-order correction is a constant of order O(δ/EC).
During the whole process, n12 is safely protected by
the large Majorana separation. Note that Eq. (4) is
equivalent to the transmission Hamiltonian derived in
Refs.46,47, but instead of a loop-geometry coherent chan-
nel and a threading flux used for nanowire systems with
two Majorana modes, here we use four Majorana modes
to achieve the same coherent electron transport. The
elimination of a loop geometry makes our proposal more
feasible to 2D superconducting island. Now we turn on
a small bias voltage between the two leads. After a suf-
ficient long time t >
(
ΓLΓRV/E
2
C
)−1
, the electric cur-
rent flows through γ1 and γ2 so that the conductance
measurement becomes projective, i.e., the MVQ state
|ψ〉 = a |012, 034〉 + b |112, 134〉 will collapse into either
|012, 034〉 with probability |a|2, or |112, 134〉 with proba-
bility |b|2 = 1 − |a|247. However, the difference between
the conductance magnitude for the two basis states with
n34 = 0 or 1 is tiny, which is of order O(δ/EC) as shown
in Eq. (4). Thereby even though the MVQ is projected
into one of the basis states, it is hard to tell which one
by merely observing the cotunneling conductance mag-
nitude.
Naturally, the goal of step iii is to read out the out-
come of the projective measurement in a more transpar-
ent way. The key is to tune the gate voltage close to
the half integer point Ng ≈ 2N0 + 1/2, which is near the
charge degenerate point. At the charge degenerate point
of the two states with the same n12 occupancy, a conduc-
tance peak arises because an electron can freely tunnel
in and out of the Majorana modes γ3 and γ4 without
costing additional energy. The reason for fixed n12 in
the projected state is that isolated γ1 and γ2 are always
topologically protected. Due to the energy splitting in-
troduced in step i, as shown in Fig. 1(d), the charge de-
generate point for |2N0; 012, 034〉 and |2N0 + 1; 012, 134〉
is shifted to the right of the half integer point (blue
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FIG. 2. (a) Proposal for testing the non-Abelian fusion of
MZMs. Initially, all the four Majoranas are coupled with each
other. Upper and lower paths correspond to different ways of
adiabatically decoupling the Majoranas, leading to a different
final state. (b)Proposal for testing the non-Abelian braiding
of MZMs. Starting from the same initial state |012, 034〉, the
qubit system is then applied by the same set of braid opera-
tions but in a different order. The final states corresponding
to the two orders are distinct.
dot), located at N0g = 2N0 + 1/2 + δ/2EC , while that
for |2N0; 112, 134〉 and |2N0 + 1; 112, 034〉 is shifted to
the left of the half integer point (red dot), located at
N1g = 2N0 + 1/2 − δ/2EC . Therefore, after the MVQ is
projected in |012, 034〉 (|112, 134〉) in the Coulomb block-
ade valley, as we tune the gate voltage toward half integer
point, a blue (red) peak will show up at V 0g (V
1
g ). In other
words, observing the conductance peak location in gate
voltage completes the readout of a MVQ. Furthermore,
in order to have high resolution in the readout measure-
ment, the tunneling and thermal broadening need to be
less than the conductance peak separation (Γ, kBT < δ).
On the other hand, the three-step protocol could serve
as the initialization of a qubit. Once the target initial-
ized state is confirmed by the conductance peak location,
we tune the gate voltage back to the Coulomb blockade
valley, remove the normal metal leads, and separate the
two Majorana vortices. Consequently, this qubit state is
initialized and ready for quantum information process-
ing.
III. TESTING THE NON-ABELIAN NATURE
OF MAJORANA ZERO MODES
We now briefly discuss two proposals for testing the
non-Abelian nature of MZMs – one through the fusion
process and the other through the braiding process. We
emphasize that our focus is still on the readout of the fi-
nal quantum states, assuming that the fusion and braid-
ing processes can be successfully implemented. A de-
tailed discussion of the experimental realization of fusing
and braiding MZMs is beyond the scope of the current
work. The schematic of the fusion proposal is shown
in Fig. 2(a). Initially four MZMs are spatially nearby
and couple to each other, and the system equilibrates
to the unique ground state. In the upper path, we adi-
abatically separate γ1,2 from γ3,4, and then move each
MZM away from each other to suppress any MZM hy-
bridization. This gives the final state |012, 034〉, since in
the intermediate step, n12 and n34 are good quantum
numbers58. In the lower path, however, starting from
the same initial state, we first separate γ1,3 from γ2,4
and then move each MZM away from each other. For
the same reason, the corresponding final state would be
|013, 024〉 = 1√2
(|012, 034〉 − i|112, 134〉). We thus see that
two procedures to create MZMs in the vacuum lead to
two different final states, which provides a direct demon-
stration of the non-Abelian fusion of MZMs3. The dis-
tinction between the two final states can be revealed by
the conductance peak locations in our readout protocol –
the upper path results in a peak only located at V 0g , while
the lower one leads to a peak located at V 0g or V
1
g with
equal probability. On the other hand, the schematic for
the non-Abelian braiding process is shown in Fig. 2(b).
Suppose the MVQ is initialized in state |012, 034〉 and
braid operation has been experimentally achieved. In
the upper path, after we adiabatically exchange γ1,2, and
then exchange γ2,4 for twice, the final state is given by
−e−ipi/4 |112, 134〉. In the lower path, however, starting
from the same initial state, we first exchange γ2,4, then
γ1,2, and then γ2,4 again. The resulting final state would
be −i√
2
( |012, 034〉 − i |112, 134〉 ). The same set of braid
operations, which is applied on the same initial state
in a different order, leads to two distinct final states.
This thereby demonstrates the non-Abelian braiding of
MZMs. Similar to the fusion process, this distinction be-
tween two final states can be revealed by the location of
the conductance peaks in our readout protocol.
IV. MOVING VORTICES WITH MZMS
Eventually, the readout of the Majorana vortex modes
requires tuning the mutual Majorana coupling strengths.
The straightforward to achieve this coupling adjustment
is to meticulously move vortices with MZMs. Although
precisely controlling the locations of the vortices has been
a difficult task, it is encouraging that experimentalists
have been able to control the locations of vortices by
using magnetic force microscopy in a thin film of super-
conducting Niobium59. The recent proposal extends this
technique to manipulate vortices in FeTexSe1−x60. This
is promising that controlling vortices with MZMs can be
achieved in the near future.
FeTexSe1−x is one of the ideal platforms hosting MZMs
in vortex cores. We use FeTexSe1−x with the real physical
5parameters as an example to provide a practical recipe
for vortex movement without poisoning the MVQ before
the MVQ readout. We adapt the simulation program in
[61] faithfully describing Majorana physics on the sur-
face of FeTexSe1−x. At the beginning of the MVQ read-
out, we keep four MZMs residing in four vortices sepa-
rately far apart with roughly 100nm intervortex distance
so that their suppressed hybridization protects the MVQ.
To achieve the readout, we bring one of the vortices (γ3)
close to another (γ4) as illustrated in Fig. 1(c). Since
the hybridization energy ∆E is in order of 0.1µeV in
the simulation, we expect the time scale to move the
vortex should be short enough (τ  ~/∆E = 7ns) so
that the Majorana hybridization does not poison the
MVQ. On the other hand, the lowest energy (∆2/EF )
of the CdGM modes is close to the Majorana splitting
δ = 0.2meV37,61–63. The time scale of the Majorana
movement should be long enough (τ  ~∆2/EF = 3ps) so
that the MZMs cannot be excited to the CdGM states.
On the other hand, since currently the best energy res-
olution of STM is around 20µeV64, to have detectable
energy splitting we suggest the distance of the two hy-
bridized MZMs be 40nm, based on the Majorana physics
simulation in FeTexSe1−x61. Fortunately, 40nm is experi-
mentally reachable distance between the STM tips, since
the two tips 72nm apart were successfully made in the
lab already57. For the readout, adjusting the Majorana
distance from 100nm to 40nm is much more accessible
than physically braiding two Majorana modes, since the
braiding leads to twisted vortex lines in the bulk. We em-
phasize that this energy splitting does not affect the time
scale of the vortex movement since the charge energy can
protect the fermion parity of the two isolated hybridized
MZMs (γ1 and γ2). This is the main idea of our proposal
by using the protection of the charge energy.
The non-Abelian fusion we propose can be achieved
by using the similar length and time scales. For the
non-Abelian braiding, similarly the time scale of MZM
exchanging is in the time region of the readout. Alterna-
tively, without exchanging the positions of vortex cores,
exchanging Majorana modes can also be implemented
through three successive projective measurements65,66.
V. CAROLI-DE GENNES-MATRICON MODES
CdGM modes with low energy always coexist with a
MZM in a vortex core43. As we will show, near the
charge energy degenerate point, the readout measure-
ment through resonant tunneling not only accurately
reads out the MVQ but also clearly distinguishes MZMs
from CdGM modes when the temperature is very close
to the energy of the CdGM modes.
We first consider the two vortex cores in contact with
the leads possess only two CdGM modes separately with
energies E1 and E2, where E1 . E258. When these two
vortices are spatially close, the overlapping of the two
CdGM modes leads to the gate voltage (Vg) location of
(a) T = 0.1meV/kB
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FIG. 3. Conductance for MZMs and CdGM modes as a func-
tion of gate voltage and intervortex distance. Here, Vg = 0
corresponds to the half integer point Ng = 2N0 + 1/2 and
the coherence length of the MZMs and the CdGM modes is
chosen to be the unity. (a) Conductance for two separated
CdGM modes of energies 0.2 and 0.21 meV in the absence of
MZMs. At kBT ≈ 0.2 meV, the conductance peak location
(red dashed line) shifts from Vg ≈ 0.16 mV to 0 mV as the in-
tervortex distance increases. (b) Conductance for two MZMs
in two separate vortex cores, with a single CdGM mode of
energy 0.2 meV inside one of the vortices. The conductance
peak always appears at Vg = 0 mV.
the conductance peak near E1 and E2 referenced to the
half integer point, since the CdGM modes become effec-
tive extended states67. At kBT ∼ E1, E2, as the in-
tervortex distance increases, the conductance monoton-
ically decreases and the Vg location of the conductance
peak moves to the half integer point68, which is identi-
cal to the case in the presence of the MZMs as shown in
Fig. 6(b).
On the other hand, consider each vortex possesses a
MZM and one of the two vortices has a CdGM mode with
energy E1 > 0. At any temperature, the gate voltage
of the conductance peak is located at zero due to the
strong electron cotunneling assisted by the MZMs46. For
kBT ∼ E1, the CdGM mode contributes a small portion
of the conductance peak in the short intervortex distance.
As the intervortex distance increases, the conductance
from the CdGM contribution is suppressed.
Thus, the key to distinguish MZM from CdGM mode
is that at the temperature comparable to the energy of
the CdGM mode, the conductance peak location stays
(varies) in the presence (absence) of MZMs as the inter-
vortex distance increases.
VI. SUMMARY AND DISCUSSIONS
Strong clues of a single MZM bounded in a vortex
core of the TSC has been revealed by the recent experi-
ment35–38. Taking advantage of this important progress,
we propose a feasible protocol for reading out the quan-
tum information encoded in the vortex MZMs by using
the well-developed Coulomb blockade transport measure-
ment29. We expect the size of the FeTexSe1−x island to
be close to the London penetration depth (∼ 500nm)69,70
to host few MZMs; hence, this small island leads to large
charging energy (< 2.9meV)58, which is greater than ex-
6perimental temperature, protecting the MVQ. This is en-
couraging that similar superconducting islands hosting
few vortices were made in the lab71. Since the read-
out of the MVQ always requires the hybridization of
the two MZMs, the quantum information of the original
qubit might be lost due to the quasiparticle poisoning
and the relaxation to the ground state. The two isolated
MZMs γ1,2 and the Coulomb blockaded superconductor
with large charging energy protects the MVQ during the
readout progress. The true value of the tunneling con-
ductance, which is commonly affected by the unknown
realistic details, is difficult to be a suitable observable to
determine the quantum state. To circumvent this prob-
lem, we show that the Vg location of the conductance
peak can determine the eigenstate of MVQ. This is the
key idea of our readout protocol – regardless of the pre-
cise conductance value, measuring the Vg location of the
conductance peak is more experimentally feasible in prin-
ciple; this is compared to original Aharonov-Bohm inter-
ferometer46 which requires strong coherence and an extra
metallic arm in the device. Furthermore, the extension of
this readout protocol can be applied to Majorana qubits
in nanowire setups47,48.
The tunneling of the Coulomb blockaded island can
further confirm the presence of the MZMs with the coex-
istence of the CdGM modes. At temperature comparable
to the energy of the CdGM modes, the gate voltage loca-
tion of the peak conductance is an important observable
again to distinguish the MZMs from the CdGM modes.
Confirming the existence of the MZMs in the vortices is
the primary step to experimentally achieve our readout
protocol.
Another important implementation of the Coulomb
blockade design is the initialization of the quantum state
protected by charging energy. Using this initialization,
we create multiple identical quantum states (disregard-
ing phase difference) to statistically test non-Abelian
statistics. Experimental demonstration of Majorana non-
Abelian statistics is a milestone toward topological quan-
tum computation. Our proposal paves a path to reach
this goal.
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Appendix A: Derivation of cotunneling Hamiltonian
Here we are going to derive the low-energy Hamilto-
nian for the single-electron cotunneling process between
two normal metal leads. Majorana modes γ3,4 inside the
vortex cores of SC island are weakly coupled to each other
possibly due to wavefunction overlap, and in addition we
weakly couple γ3,4 with separate normal metal leads. The
corresponding Hamiltonian is
HSC = EC(N −Ng)2 + n34δ,
Hleads =
∑
α=L/R,k
ξα,kc
†
α,kcα,k
HT = −tLdLγ3eiφ/2 − tRdRγ4eiφ/2 + H.c.. (A1)
HSC is the Hamiltonian of the TSC island with total
electron number N and charging energy EC , Ng is the
gate electron number, δ the strength of coupling between
γ3 and γ4, and n34 the occupation number of the nor-
mal fermion state composed by γ3 and γ4. Hleads is
the Hamiltonian of the two separate normal metal leads,
cα,k is the electron in lead-α, and ξα,k is the occupa-
tion energy. dα =
∑
k cα,k is the electron at the contact
point to the vortex in the TSC island. HT is the cou-
pling Hamiltonian between the lead electrons and the
Majorana modes inside the vortex core. tα is the effec-
tive coupling strength between the lead electron and the
Majorana mode, and eiφ/2 increases the total number of
electrons inside the SC island by one. We assume that
the gate voltage is tuned in the Coulomb blockade val-
ley (Ng ≈ 2N0) such that the transmission of electrons
through the island is dominated by a second-order pro-
cess. Here we only consider the transmission process of
an electron tunneling from the left lead to the right lead
(the opposite process from right to the left lead is simply
the Hermitian conjugate term). For state |2N0; 012, 034〉,
the effective Hamiltonian is
H00 =
〈2N0; 00| − t∗Rd†Rγ4e−iφ/2 |2N0 + 1; 01〉 〈2N0 + 1; 01| − tLdLγ3eiφ/2 |2N0; 00〉
E(2N0 + 1; 01)− E(2N0; 00)
+
〈2N0; 00| − tLdLγ3eiφ/2 |2N0 − 1; 01〉 〈2N0 − 1; 01| − t∗Rd†Rγ4e−iφ/2 |2N0; 00〉
E(2N0 − 1; 01)− E(2N0; 00)
=
−2itLt∗Rd†RdL
EC
1 + δ/EC
(1 + δ/EC)2 − 4∆N2 , (A2)
7where ∆N = Ng − 2N0. Note that the virtual state in the second-order process |2N0 ± 1; 01〉 can hold one more or
one less electron with the fermion state by γ3,4 being occupied. Similarly for state |2N0; 112, 134〉, we will get
H11 =
〈2N0; 11| − t∗Rd†Rγ4e−iφ/2 |2N0 + 1; 10〉 〈2N0 + 1; 10| − tLdLγ3eiφ/2 |2N0; 11〉
E(2N0 + 1; 10)− E(2N0; 11)
+
〈2N0; 11| − tLdLγ3eiφ/2 |2N0 − 1; 10〉 〈2N0 − 1; 10| − t∗Rd†Rγ4e−iφ/2 |2N0; 11〉
E(2N0 − 1; 10)− E(2N0; 11)
=
2itLt
∗
Rd
†
RdL
EC
1− δ/EC
(1− δ/EC)2 − 4∆N2 . (A3)
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FIG. 4. Four weakly coupled Majorana modes. The coupling
amplitude between each pair of Majorana modes is propor-
tional to the strength of mutual coupling tα and a phase factor
smn = ±i. The sign of the phase factor is constrained by the
Z2 gauge symmetry of the magnetic field, and is indicated by
the arrow here: coupling along the arrow direction gives s = i,
while coupling opposite to the arrow direction gives s = −i.
Compared to H00, we notice that the virtual state in
the second-order process |2N0 ± 1; 10〉 has the fermion
state by γ3,4 be unoccupied, which explains why δ → −δ.
What’s more, there is an additional overall factor of −1
relative to H00 due to the opposite parity of the ground
state. Note that there is no off-diagonal terms like H01
or H10 because the ground state fermi parity does not
change after a single electron tunneling for twice. Thus
the cotunneling Hamiltonian including H00 and H11 is
Hco =
−2itLt∗Rd†RdL
EC
1 + δ/ECS
(1 + δ/ECS)2 − 4∆N2S
≈ −2itLt
∗
Rd
†
RdL
EC
(
1
1− 4∆N2S −
δ
EC
1 + 4∆N2
(1− 4∆N2)2
)
,
(A4)
where we only keep terms up to O(δ/EC), and S is a pref-
actor with S = 1 for |2N0; 00〉 and S = −1 for |2N0; 11〉.
Appendix B: fusion process for four Majorana
modes on a SC island
For the fusion process, our goal is to show that for
four initially mutually coupled Majorana modes, different
ways/paths of separating all them apart lead to different
ground states. Such path dependence of the final ground
state is a direct demonstration of the non-Abelian nature
of MZMs (i.e., Ising anyons). The Hamiltonian for the
mutually coupled four Majorana modes on a SC island is
H = Hh +Hv +Hd +HC
Hh = ith(γ1γ2 + γ3γ4) = −2th(τz ⊕ 0)
Hv = itv(γ1γ3 − γ2γ4) = 2tv(τy ⊕ 0)
Hd = itd(−γ1γ4 + γ2γ3) = −2td(0⊕ σx)
HC = EC(0⊕ σ0). (B1)
For each pair of coupled Majorana modes in the form of
stmnγmγn, tmn denotes the strength of coupling, which
we set as a positive value in the low chemical potential
limit, and s = ±i is a phase factor constrained by the Z2
gauge symmetry of the magnetic field72. Here we define
f1 = (γ1 + iγ2)/2 and f2 = (γ3 + iγ4)/2, and the Hilbert
space is spanned by (|0〉 , f†1f†2 |0〉 , f†1 |0〉 , f†2 |0〉). Due to
the parity symmetry in the coupling Hamiltonian, each
term of the coupling Hamiltonian can be diagonalized
into two blocks with even and odd parity respectively.
τα (α = 0, x, y, z) are Pauli matrices acting on the even
parity subspace spanned by (|0〉 , f†1f†2 |0〉), while σα are
Pauli matrices acting on the odd parity subspace spanned
by (f†1 |0〉 , f†2 |0〉), and 0 is a null matrix. In the strong
Coulomb blockade limit EC  tmn, the subspace with
odd parity is pushed upward in energy, and we can sim-
ply project the total Hamiltonian onto the even parity
subspace in the calculation of the ground state. The pro-
jected Hamiltonian and its eigenvalues are
H ′ = −2thτz + 2tvτy
E = ±2
√
t2h + t
2
v. (B2)
Initially when the four Majorana modes are coupled with
th = tv, the ground state is |Ψ〉 ∝ (1 +
√
2, i). If we
adiabatically turn off the coupling tv while keep th un-
changed as shown in the upper path of fusion panel in
Fig. (2), the ground state will adiabatically evolve into
|Ψ〉 = (1, 0) = |0〉. On the other hand, if we adiabati-
cally turn off the coupling th while keep tv unchanged as
shown in the lower path of fusion panel in Fig. (2), the
final ground state will be |Ψ〉 = (1,−i) ∝ |0〉 − if†1f†2 |0〉.
Note that there is no level crossing between the ground
8state and the first excited state in either of the adia-
batic process, as the level crossing requires all the coeffi-
cients of Pauli matrices to vanish, which does not happen
in the middle of the adiabatic process we consider here.
Therefore the ground state is uniquely determined. We
thus have shown that different ways of separating weakly
coupled Majorana modes lead to different final ground
states. Although the non-Abelian “separation” process of
MZMs is opposite to the “fusion” process, it can equally
demonstrate the non-Abelian statistics of MZMs.
Appendix C: Distinguishing MZM from CdGM
modes
Measuring the two-terminal conductance of the
Coulomb-blockaded superconducting island can provide
the readout of Majorana qubits. Our readout proposal
motivates us to check if the location of the conductance
peak can differentiate the MZMs and CdGM modes.
Hence, we focus on the gate voltage (Vg) near resonant
tunneling and use the master equation of the supercon-
ducting Coulomb-blockade68 to capture the physics of the
weak tunneling. Consider two vortices trapping MZMs or
CdGM modes and two lead tips are moved to weakly cou-
ple the two vortex cores separately as the two terminals
for the tunneling as shown in Fig. 5. We are interested
in two cases — (a) each of the vortices possesses one
CdGM mode only (b) one vortex has one MZM only and
the other has one MZM and one CdGM mode. There-
fore, the tunneling physics can be effectively described
by two fermions with energy Ei (i = 1, 2) and the tun-
neling rates for these two fermions are labelled by Γl,ri
for particle tunneling in the left/right vortex and Λl,ri for
hole tunneling in the left/right vortex. To simplify the
problem, we consider the resonant tunneling between the
electron numbers N and N − 1, where N is even. Since
at temperature T in equilibrium the general form of the
conductance for the superconducting island via two low-
energy Fermions was derived in68 (refer to equations 2.26
− 2.30), we simply use the formula 2.30 in68
dI
dV
=βe2
{
P eqN−1(0, 1)f(1)
Γl1Γ
r
1
Γ1
+ P eqN−1(1, 0)f(2)
Γl2Γ
r
2
Γ2
+ P eqN−1(1, 0)f(˜1)
Λl1Λ
r
1
Λ1
+ P eqN−1(0, 1)f(˜2)
Λl2Λ
r
2
Λ2
− (γl1 − γl2 + λl1 − λl2)(γr1 − γr2 + λr1 − λr2)
×
( 1
P eqN−1(0, 1)f(1)Γ1
+
1
P eqN−1(1, 0)f(2)Γ2
+
1
P eqN−1(1, 0)f(˜1)Λ1
+
1
P eqN−1(0, 1)f(˜2)Λ2
)−1}
, (C1)
where Γi = Γ
l
i + Γ
r
i , Λi = Λ
l
i + Λ
r
i , γ
α
i = Γ
α
i /Γ, λ
α
i = Λ
α
i /Λ (α = l, r), β = 1/kBT . The complicated tunneling
formula is determined by various functions, which are the Gibbs distributions P eqN−1(1, 0) = e
−βE1/Z, P eqN−1(0, 1) =
e−βE2/Z, and the Fermi-Dirac distribution f() = 1/(1 + eβ), where Z = e−βE1 + e−βE2 +E−β(E1+E2+∆U) + e−β∆U ,
∆U = Ec(2N − 2Ng − 1), i = Ei + ∆U , ˜i = −Ei + ∆U . Once the physical values of E1, E2, T , and the tunneling
rates are given, the conductance formula is a function of the gate voltage Vg, where Vg = eNg/C. We change the
reference of the gate voltage Vg → Vg − C(2N−1)2e so that the charging energies with the electron number N − 1 and
N are identical (∆U = 0) at Vg = 0, which is the conductance peak of the resonant tunneling via MZMs
73.
(a) While each vortex possesses one CdGM mode, the
spatial distribution of the CdGM wavefunction Ψ(r) can
be captured by the Bessel functions74,75. With the co-
herence length ξ of the superconductor, the wavefunc-
tion is approximately proportional to Ψ(r) ∼ e−r/ξ with
Friedel-like oscillation, of which the period is given by
Fermi wavelength 1/kF from bulk or surface band at
the Fermi level. Here we consider kF = 0 so that
the wavefunction exhibits only the spatial exponential
decay. For the CdGM mode with energy E1 located
at the left vortex, we can assume the tunneling rates
Γl1 = Λ
l
1 = 1 and Γ
r
1 = Λ
r
1 = e
−2R/ξ, where R is
the intervortex distance; the exponential decay of the
tunneling rates in the right vortex core stems from the
spatial distribution of the CdGM mode trapped in the
left vortex. Similarly, for the CdGM mode with E2 lo-
cated at the right vortex, the tunneling rates are given
by Γr2 = Λ
r
2 = 1 and Γ
l
2 = Λ
l
2 = e
−2R/ξ. We note
that knowing the exact value of the conductance is not
required in this case since it will be shown later that
the location of the conductance peak is the main observ-
able to distinguish MZMs and CdGM modes. We choose
E1 = 0.2meV and E2 = 0.21meV and use eq. C1 to
compute the conductance at T = 0.1meV∼ E1, E2 and
T = 0.01meV E1, E2.
When these two vortices are spatially close, the over-
lapping of the two CdGM modes leads to the strong tun-
neling conductance and the gate voltage (Vg) of the con-
ductance peak is near E1 and E2, since the CdGM modes
become effective extended states67. For kBT ∼ E1, E2,
when the distance (R) of the two vortices increases, the
conductance monotonically decreases and is close to a
non-zero constant, and the gate voltage of the conduc-
tance peak moves to zero, which is identical to the res-
onant point in the presence of the MZMs as shown in
Fig. 3 (a) and Fig. 6 (c). It has been studied68 that
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FIG. 5. The two lead tips weakly couple two vortices separately on the surface of the superconductor.
two separate localized fermion vortex modes can have
the non-zero conductance and the conductance peak lo-
cated at Vg = 0. This tunneling stems from the thermal
fluctuation of the two fermions. In the low-temperature
limit (kBT  E1, E2), for any intervortex distance, the
gate voltage of the conductance peak is always located
at E1 unless R  1. However, the conductance peak
exponentially decreases to zero when the intervortex dis-
tance increases as shown in Fig. 6(b). The reason is that
when the tunneling of the thermal fluctuation for the
localized fermions is suppressed, the conductance is ap-
proximately proportional to e−2R/ξ from the exponential
wavefunction decay of the CdGM mode.
(b) while each vortex possesses an MZM, the left vor-
tex traps an additional CdGM mode with energy E1. On
the one hand, the tunneling rates of the CdGM mode
are identical to case (a) (Γl1 = Λ
l
1 = 1 and Γ
r
1 = Λ
r
1 =
e−2R/ξ). On the other hand, we consider MZM wave-
functions Φl(r) and Φr(r) are located on the left and
right vortices respectively. With the spatial exponential
decay, |Φl(rl)|  |Φl(rr)| and |Φr(rr)|  |Φr(rl)|, where
rl and rr are the locations of the left and right vortices.
Since the two MZMs form a fermion with E2 = 0 and the
tunneling rates of this fermion state at the two different
vortex cores are proportional to |Φl(rl)|2 and |Φr(rr)|2
separately, the tunneling rates are independent of the
intervortex distance R. Therefore, without loss of gen-
erality we can assume the tunneling rates of the MZMs
Γr2 = Λ
r
2 = Γ
l
2 = Λ
l
2 = 1. Similarly, the conductance as a
function of Vg is computed at T = 0.1meV∼ E1, E2 and
T = 0.01meV E1, E2.
In the presence of the MZMs trapped by the two vor-
tices, the conductance peak behaves differently from the
vortices without MZMs. At any temperature, the gate
voltage of the conductance peak is located at zero and
the conductance is never suppressed in any circumstances
due to the resonant tunneling via the MZMs73. In other
words, the tunneling rates at the two terminals are non-
zero. For kBT ∼ E1, the CdGM mode contributes a
small portion of the conductance peak in the short inter-
vortex distance as shown in Fig. 3(b) and Fig. 6(d). As
the intervortex distance increases, the CdGM contribu-
tion is suppressed and the conductance peak is reduced
and stays at a non-zero constant. On the other hand,
for kBT  E1, the conductance peak stemming from
only the resonant tunneling via MZMs is always a non-
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<latexit sha1_base64="MxKr4GkCPhnU0b8y45/Z6xyFAp0=">AAAJS3iclVbdjttEFHYLhXT525ZLbmZxkLbIDXEWAUVC akG77KpoFdrstnQdovF47Iwy/tmZ8W6iqfso3MLL8AA8B3eIC87YSTa2t5WwlMz4fN+cM+dX9jPOpOr3/7px8623b73zbuf21nvvf/DhR9t37p7KNBeEnpCUp+K5jyXlLKEniilOn2eC4tjn9Jk/+8Hgzy6okCxNRmqR0XGMo4SFjGAFosn2XdQddbvf9X t9N6anX8wm33cn23a/98A8X6Fqs/cANv0v3f7eHnJ7/fKxreUznNzp7HhBSvKYJopwLOWZ28/UWGOhGOG02PJySTNMZjiiZ7BNcEzlWJeXL9BnIAlQmAr4JQqV0s0TGsdSLmIfmDFWU9nEjPA67CxX4TdjzZIsVzQhlaEw50ilyEQCBUxQovgCNpgIBndF ZIoFJgriVbOipoLCi1AK+w1/9BRUCUHDutT342Lrups6EBDIBw2dpVtmNY5LJxI4mzIyd+KcKybSS6eMhePHjqJzRdI4c4wKlaZc1s3B3bAplrpUCsLVvB5+zLlDYsWysZ4v6nSjW8hQXqfEgYLjjsz9kEW5aISgHh4nKP1xqhBseRCgKaTclJt+9NPwx/ 3joi7cPx21hcNfRodHj0wMAxp6gtqu3oUl1LZb3Csq6TDUnrl0mlWriPUwLIolOhItdCTWqIySK9iEF2CQlXhCLyHYMU4C7RHuF/BvEqF9ntM2Lta4oEEbjtcwdB40CG5TojWFLHDSxH16Xpj/iCWanudleJocWnIobF/HAC1YCLzYUJVUgraqFbHSdz3tC VT8mTvWsPZeeWli5g9hipr8FAjVyU8pKcmwAnmZxRYLfDCk/fPeq41UN1lQgCXtgEVv0AUsuaLJN/B8yaIYg6+xn87hNeWBKYquV8q7Ta/Vi6KqGqX0ixY4A1AxHlBQFKJZ4QkWTRWEL71E92sI3KNxkcxkcDjRx/fd4lftQTWCoDD1v8m6ABMrFVUdJ1I D/SKb4kSlsf58XeB0nsF0s117YO/BGY6TiFNku+gl2LYHyKz2HvJECaxOkUPgEszR4UoyxRzaLISxqN1CD9b9k6uqb2Son54Uu4N7V0DaQOCSE3cJzw60N6Nw1jFOooPCc5pxhKlSpu6s9HQYhmrnW1Rmb9wsaoFL5qZ3DQrYKikvDbhytqWlZA2MIhoqV AsWhKrK43WHvSd6NVyQPvJ2njTmh3dcx49b88Uvq69qyQyYgs1bHVlSTDNeEeqM+PGyLCFz+nHLxNEShYkMOWygwQoNZAX+r+k43DA8bBneqFb4qFh9OaDXb04HPdftuT8P7IeD5edFx/rE+tTatVzra+uhdWgNrROLWHPrN+t364/On52/O/90/q2oN28 sz3xs1Z7bt/4D+9NmhA==</latexit><latexit sha1_base64="MxKr4GkCPhnU0b8y45/Z6xyFAp0=">AAAJS3iclVbdjttEFHYLhXT525ZLbmZxkLbIDXEWAUVC akG77KpoFdrstnQdovF47Iwy/tmZ8W6iqfso3MLL8AA8B3eIC87YSTa2t5WwlMz4fN+cM+dX9jPOpOr3/7px8623b73zbuf21nvvf/DhR9t37p7KNBeEnpCUp+K5jyXlLKEniilOn2eC4tjn9Jk/+8Hgzy6okCxNRmqR0XGMo4SFjGAFosn2XdQddbvf9X t9N6anX8wm33cn23a/98A8X6Fqs/cANv0v3f7eHnJ7/fKxreUznNzp7HhBSvKYJopwLOWZ28/UWGOhGOG02PJySTNMZjiiZ7BNcEzlWJeXL9BnIAlQmAr4JQqV0s0TGsdSLmIfmDFWU9nEjPA67CxX4TdjzZIsVzQhlaEw50ilyEQCBUxQovgCNpgIBndF ZIoFJgriVbOipoLCi1AK+w1/9BRUCUHDutT342Lrups6EBDIBw2dpVtmNY5LJxI4mzIyd+KcKybSS6eMhePHjqJzRdI4c4wKlaZc1s3B3bAplrpUCsLVvB5+zLlDYsWysZ4v6nSjW8hQXqfEgYLjjsz9kEW5aISgHh4nKP1xqhBseRCgKaTclJt+9NPwx/ 3joi7cPx21hcNfRodHj0wMAxp6gtqu3oUl1LZb3Csq6TDUnrl0mlWriPUwLIolOhItdCTWqIySK9iEF2CQlXhCLyHYMU4C7RHuF/BvEqF9ntM2Lta4oEEbjtcwdB40CG5TojWFLHDSxH16Xpj/iCWanudleJocWnIobF/HAC1YCLzYUJVUgraqFbHSdz3tC VT8mTvWsPZeeWli5g9hipr8FAjVyU8pKcmwAnmZxRYLfDCk/fPeq41UN1lQgCXtgEVv0AUsuaLJN/B8yaIYg6+xn87hNeWBKYquV8q7Ta/Vi6KqGqX0ixY4A1AxHlBQFKJZ4QkWTRWEL71E92sI3KNxkcxkcDjRx/fd4lftQTWCoDD1v8m6ABMrFVUdJ1I D/SKb4kSlsf58XeB0nsF0s117YO/BGY6TiFNku+gl2LYHyKz2HvJECaxOkUPgEszR4UoyxRzaLISxqN1CD9b9k6uqb2Son54Uu4N7V0DaQOCSE3cJzw60N6Nw1jFOooPCc5pxhKlSpu6s9HQYhmrnW1Rmb9wsaoFL5qZ3DQrYKikvDbhytqWlZA2MIhoqV AsWhKrK43WHvSd6NVyQPvJ2njTmh3dcx49b88Uvq69qyQyYgs1bHVlSTDNeEeqM+PGyLCFz+nHLxNEShYkMOWygwQoNZAX+r+k43DA8bBneqFb4qFh9OaDXb04HPdftuT8P7IeD5edFx/rE+tTatVzra+uhdWgNrROLWHPrN+t364/On52/O/90/q2oN28 sz3xs1Z7bt/4D+9NmhA==</latexit><latexit sha1_base64="MxKr4GkCPhnU0b8y45/Z6xyFAp0=">AAAJS3iclVbdjttEFHYLhXT525ZLbmZxkLbIDXEWAUVC akG77KpoFdrstnQdovF47Iwy/tmZ8W6iqfso3MLL8AA8B3eIC87YSTa2t5WwlMz4fN+cM+dX9jPOpOr3/7px8623b73zbuf21nvvf/DhR9t37p7KNBeEnpCUp+K5jyXlLKEniilOn2eC4tjn9Jk/+8Hgzy6okCxNRmqR0XGMo4SFjGAFosn2XdQddbvf9X t9N6anX8wm33cn23a/98A8X6Fqs/cANv0v3f7eHnJ7/fKxreUznNzp7HhBSvKYJopwLOWZ28/UWGOhGOG02PJySTNMZjiiZ7BNcEzlWJeXL9BnIAlQmAr4JQqV0s0TGsdSLmIfmDFWU9nEjPA67CxX4TdjzZIsVzQhlaEw50ilyEQCBUxQovgCNpgIBndF ZIoFJgriVbOipoLCi1AK+w1/9BRUCUHDutT342Lrups6EBDIBw2dpVtmNY5LJxI4mzIyd+KcKybSS6eMhePHjqJzRdI4c4wKlaZc1s3B3bAplrpUCsLVvB5+zLlDYsWysZ4v6nSjW8hQXqfEgYLjjsz9kEW5aISgHh4nKP1xqhBseRCgKaTclJt+9NPwx/ 3joi7cPx21hcNfRodHj0wMAxp6gtqu3oUl1LZb3Csq6TDUnrl0mlWriPUwLIolOhItdCTWqIySK9iEF2CQlXhCLyHYMU4C7RHuF/BvEqF9ntM2Lta4oEEbjtcwdB40CG5TojWFLHDSxH16Xpj/iCWanudleJocWnIobF/HAC1YCLzYUJVUgraqFbHSdz3tC VT8mTvWsPZeeWli5g9hipr8FAjVyU8pKcmwAnmZxRYLfDCk/fPeq41UN1lQgCXtgEVv0AUsuaLJN/B8yaIYg6+xn87hNeWBKYquV8q7Ta/Vi6KqGqX0ixY4A1AxHlBQFKJZ4QkWTRWEL71E92sI3KNxkcxkcDjRx/fd4lftQTWCoDD1v8m6ABMrFVUdJ1I D/SKb4kSlsf58XeB0nsF0s117YO/BGY6TiFNku+gl2LYHyKz2HvJECaxOkUPgEszR4UoyxRzaLISxqN1CD9b9k6uqb2Son54Uu4N7V0DaQOCSE3cJzw60N6Nw1jFOooPCc5pxhKlSpu6s9HQYhmrnW1Rmb9wsaoFL5qZ3DQrYKikvDbhytqWlZA2MIhoqV AsWhKrK43WHvSd6NVyQPvJ2njTmh3dcx49b88Uvq69qyQyYgs1bHVlSTDNeEeqM+PGyLCFz+nHLxNEShYkMOWygwQoNZAX+r+k43DA8bBneqFb4qFh9OaDXb04HPdftuT8P7IeD5edFx/rE+tTatVzra+uhdWgNrROLWHPrN+t364/On52/O/90/q2oN28 sz3xs1Z7bt/4D+9NmhA==</latexit><latexit sha1_base64="MxKr4GkCPhnU0b8y45/Z6xyFAp0=">AAAJS3iclVbdjttEFHYLhXT525ZLbmZxkLbIDXEWAUVC akG77KpoFdrstnQdovF47Iwy/tmZ8W6iqfso3MLL8AA8B3eIC87YSTa2t5WwlMz4fN+cM+dX9jPOpOr3/7px8623b73zbuf21nvvf/DhR9t37p7KNBeEnpCUp+K5jyXlLKEniilOn2eC4tjn9Jk/+8Hgzy6okCxNRmqR0XGMo4SFjGAFosn2XdQddbvf9X t9N6anX8wm33cn23a/98A8X6Fqs/cANv0v3f7eHnJ7/fKxreUznNzp7HhBSvKYJopwLOWZ28/UWGOhGOG02PJySTNMZjiiZ7BNcEzlWJeXL9BnIAlQmAr4JQqV0s0TGsdSLmIfmDFWU9nEjPA67CxX4TdjzZIsVzQhlaEw50ilyEQCBUxQovgCNpgIBndF ZIoFJgriVbOipoLCi1AK+w1/9BRUCUHDutT342Lrups6EBDIBw2dpVtmNY5LJxI4mzIyd+KcKybSS6eMhePHjqJzRdI4c4wKlaZc1s3B3bAplrpUCsLVvB5+zLlDYsWysZ4v6nSjW8hQXqfEgYLjjsz9kEW5aISgHh4nKP1xqhBseRCgKaTclJt+9NPwx/ 3joi7cPx21hcNfRodHj0wMAxp6gtqu3oUl1LZb3Csq6TDUnrl0mlWriPUwLIolOhItdCTWqIySK9iEF2CQlXhCLyHYMU4C7RHuF/BvEqF9ntM2Lta4oEEbjtcwdB40CG5TojWFLHDSxH16Xpj/iCWanudleJocWnIobF/HAC1YCLzYUJVUgraqFbHSdz3tC VT8mTvWsPZeeWli5g9hipr8FAjVyU8pKcmwAnmZxRYLfDCk/fPeq41UN1lQgCXtgEVv0AUsuaLJN/B8yaIYg6+xn87hNeWBKYquV8q7Ta/Vi6KqGqX0ixY4A1AxHlBQFKJZ4QkWTRWEL71E92sI3KNxkcxkcDjRx/fd4lftQTWCoDD1v8m6ABMrFVUdJ1I D/SKb4kSlsf58XeB0nsF0s117YO/BGY6TiFNku+gl2LYHyKz2HvJECaxOkUPgEszR4UoyxRzaLISxqN1CD9b9k6uqb2Son54Uu4N7V0DaQOCSE3cJzw60N6Nw1jFOooPCc5pxhKlSpu6s9HQYhmrnW1Rmb9wsaoFL5qZ3DQrYKikvDbhytqWlZA2MIhoqV AsWhKrK43WHvSd6NVyQPvJ2njTmh3dcx49b88Uvq69qyQyYgs1bHVlSTDNeEeqM+PGyLCFz+nHLxNEShYkMOWygwQoNZAX+r+k43DA8bBneqFb4qFh9OaDXb04HPdftuT8P7IeD5edFx/rE+tTatVzra+uhdWgNrROLWHPrN+t364/On52/O/90/q2oN28 sz3xs1Z7bt/4D+9NmhA==</latexit>
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<latexit sha1_base64="a3xD2PD0odnwvZUqmlaPvJ6pSQY="></latexit><latexit sha1_base64="a3xD2PD0odnwvZUqmlaPvJ6pSQY="></latexit><latexit sha1_base64="a3xD2PD0odnwvZUqmlaPvJ6pSQY="></latexit><latexit sha1_base64="a3xD2PD0odnwvZUqmlaPvJ6pSQY="></latexit>
Intervortex distance
(Unit of coherence length)
<latexit sha1_base64="a3xD2PD0odnwvZUqmlaPvJ6pSQY=">AAAJa3iclVbdbts2FFbb/STZX9rebbtgphZIBtWI3IsN u2oxJEvQIfDSJO0aeQFFURJhSlRIKrHBqs+xp9nt9gp7iL3DDiXbsaSswATYpM738Rye7xwSCgvOlN7d/fvO3XsffPjRx2vrG598+tnnX2zef3CmRCkJPSWCC/k6xIpyltNTzTSnrwtJcRZy+iqc/GjxV1dUKibyEz0r6DjDSc5iRrAG08Xm8DDXVF4Jqe kURRAP54SiINjYPs2ZRiJGRKRUUmvlNE90unOx6e4OdusH9Sf+fOI682d0cX9tK4gEKTOaa8KxUuf+bqHHBkvNCKfVRlAqWmAywQk9h2mOM6rGpk6uQo/BEqFYSPjlGtXW1RUGZ0rNshCYGdap6mLWeBt2Xur4+7FheVFqSK8JFJccaYGsUqCGpETzGUww kQz2ikiKJSYgWDuKTiWFF6k1Djv5mBRcSUnjtjUMs2rjtp16IAjUi8bePC072sSVl0hcpIxMvazkmklx7dVaeGHmQfE0EVnhWRdaCK7a4WBv2DZT26ok4Xralh9z7pFMs2JsprM23fqWKla3OfGgIbmnyjBmSSk7ErTl8aI6H6+RYCMAgVIouW1H8/zn0U 97R1XbuHd20jeOfj05OHxuNYxoHEjq+mYbhti4frVTNdZRbAK7aVE0o8zMKK6qOXoie+iJXKIqyW9gKy/AYKvxnF6D2BnOIxMQHlbwbwthQl7SPi6XuKRRH86WMJxMOCC4T0mWFDLDeRcP6WVl/xOWG3pZ1vJ0ObTmUJj+FwO8YCnxbMVV3hj6rhbExt/tt GPo+HN/bGAcvAtEbu8nwjS19akQapNfUlKTYQTyvIo9FuRgSXuXg3crpe6yoAFr2j5L3uMLWGpBU+/hhYolGYZcs1BM4VXwyDbFo6C2P+pmrd9UTddobd70wAmAmvGIgqMYTapAsiTVIJ+4Rk9aCOyjs5HCVnB0YY6e+NVvJoBuBENl+3+VdQUhFi6aPs6 VAfpVkeJci8x8u2xwOi3gdnN9d+g+hTUc5wmnyPXRW4jtDpEd3acokDWwWEUOgEswRwcLS4o5HLMYrkXjV2a4PD+lbs6Nis3L02p7uHMDiA4Cm7zw5/Bk3wQTCms9myTarwKvqyPcKnXpzutMR3Gst35AdfXG3aaWuGauZtehQKya8taCi2R7XmrW0Dqis UYtsUCqpo63LQ6OzeJyQeYw2Dru3B/BURs/6t0vYd19zZEsgCnZtHcia4o9jDeENiN7MW9LqJx50QtxOEfhRoYadtBogUaqAf/X7ThaCTzqBV7pVvio8LufEP3J2XDg+wP/l6H7bDD/vFhzvnK+cbYd3/nOeeYcOCPn1CHO784fzp/OX2v/rD9c/3L964Z 69858zUOn9aw//hfT/XI9</latexit><latexit sha1_base64="a3xD2PD0odnwvZUqmlaPvJ6pSQY=">AAAJa3iclVbdbts2FFbb/STZX9rebbtgphZIBtWI3IsN u2oxJEvQIfDSJO0aeQFFURJhSlRIKrHBqs+xp9nt9gp7iL3DDiXbsaSswATYpM738Rye7xwSCgvOlN7d/fvO3XsffPjRx2vrG598+tnnX2zef3CmRCkJPSWCC/k6xIpyltNTzTSnrwtJcRZy+iqc/GjxV1dUKibyEz0r6DjDSc5iRrAG08Xm8DDXVF4Jqe kURRAP54SiINjYPs2ZRiJGRKRUUmvlNE90unOx6e4OdusH9Sf+fOI682d0cX9tK4gEKTOaa8KxUuf+bqHHBkvNCKfVRlAqWmAywQk9h2mOM6rGpk6uQo/BEqFYSPjlGtXW1RUGZ0rNshCYGdap6mLWeBt2Xur4+7FheVFqSK8JFJccaYGsUqCGpETzGUww kQz2ikiKJSYgWDuKTiWFF6k1Djv5mBRcSUnjtjUMs2rjtp16IAjUi8bePC072sSVl0hcpIxMvazkmklx7dVaeGHmQfE0EVnhWRdaCK7a4WBv2DZT26ok4Xralh9z7pFMs2JsprM23fqWKla3OfGgIbmnyjBmSSk7ErTl8aI6H6+RYCMAgVIouW1H8/zn0U 97R1XbuHd20jeOfj05OHxuNYxoHEjq+mYbhti4frVTNdZRbAK7aVE0o8zMKK6qOXoie+iJXKIqyW9gKy/AYKvxnF6D2BnOIxMQHlbwbwthQl7SPi6XuKRRH86WMJxMOCC4T0mWFDLDeRcP6WVl/xOWG3pZ1vJ0ObTmUJj+FwO8YCnxbMVV3hj6rhbExt/tt GPo+HN/bGAcvAtEbu8nwjS19akQapNfUlKTYQTyvIo9FuRgSXuXg3crpe6yoAFr2j5L3uMLWGpBU+/hhYolGYZcs1BM4VXwyDbFo6C2P+pmrd9UTddobd70wAmAmvGIgqMYTapAsiTVIJ+4Rk9aCOyjs5HCVnB0YY6e+NVvJoBuBENl+3+VdQUhFi6aPs6 VAfpVkeJci8x8u2xwOi3gdnN9d+g+hTUc5wmnyPXRW4jtDpEd3acokDWwWEUOgEswRwcLS4o5HLMYrkXjV2a4PD+lbs6Nis3L02p7uHMDiA4Cm7zw5/Bk3wQTCms9myTarwKvqyPcKnXpzutMR3Gst35AdfXG3aaWuGauZtehQKya8taCi2R7XmrW0Dqis UYtsUCqpo63LQ6OzeJyQeYw2Dru3B/BURs/6t0vYd19zZEsgCnZtHcia4o9jDeENiN7MW9LqJx50QtxOEfhRoYadtBogUaqAf/X7ThaCTzqBV7pVvio8LufEP3J2XDg+wP/l6H7bDD/vFhzvnK+cbYd3/nOeeYcOCPn1CHO784fzp/OX2v/rD9c/3L964Z 69858zUOn9aw//hfT/XI9</latexit><latexit sha1_base64="a3xD2PD0odnwvZUqmlaPvJ6pSQY=">AAAJa3iclVbdbts2FFbb/STZX9rebbtgphZIBtWI3IsN u2oxJEvQIfDSJO0aeQFFURJhSlRIKrHBqs+xp9nt9gp7iL3DDiXbsaSswATYpM738Rye7xwSCgvOlN7d/fvO3XsffPjRx2vrG598+tnnX2zef3CmRCkJPSWCC/k6xIpyltNTzTSnrwtJcRZy+iqc/GjxV1dUKibyEz0r6DjDSc5iRrAG08Xm8DDXVF4Jqe kURRAP54SiINjYPs2ZRiJGRKRUUmvlNE90unOx6e4OdusH9Sf+fOI682d0cX9tK4gEKTOaa8KxUuf+bqHHBkvNCKfVRlAqWmAywQk9h2mOM6rGpk6uQo/BEqFYSPjlGtXW1RUGZ0rNshCYGdap6mLWeBt2Xur4+7FheVFqSK8JFJccaYGsUqCGpETzGUww kQz2ikiKJSYgWDuKTiWFF6k1Djv5mBRcSUnjtjUMs2rjtp16IAjUi8bePC072sSVl0hcpIxMvazkmklx7dVaeGHmQfE0EVnhWRdaCK7a4WBv2DZT26ok4Xralh9z7pFMs2JsprM23fqWKla3OfGgIbmnyjBmSSk7ErTl8aI6H6+RYCMAgVIouW1H8/zn0U 97R1XbuHd20jeOfj05OHxuNYxoHEjq+mYbhti4frVTNdZRbAK7aVE0o8zMKK6qOXoie+iJXKIqyW9gKy/AYKvxnF6D2BnOIxMQHlbwbwthQl7SPi6XuKRRH86WMJxMOCC4T0mWFDLDeRcP6WVl/xOWG3pZ1vJ0ObTmUJj+FwO8YCnxbMVV3hj6rhbExt/tt GPo+HN/bGAcvAtEbu8nwjS19akQapNfUlKTYQTyvIo9FuRgSXuXg3crpe6yoAFr2j5L3uMLWGpBU+/hhYolGYZcs1BM4VXwyDbFo6C2P+pmrd9UTddobd70wAmAmvGIgqMYTapAsiTVIJ+4Rk9aCOyjs5HCVnB0YY6e+NVvJoBuBENl+3+VdQUhFi6aPs6 VAfpVkeJci8x8u2xwOi3gdnN9d+g+hTUc5wmnyPXRW4jtDpEd3acokDWwWEUOgEswRwcLS4o5HLMYrkXjV2a4PD+lbs6Nis3L02p7uHMDiA4Cm7zw5/Bk3wQTCms9myTarwKvqyPcKnXpzutMR3Gst35AdfXG3aaWuGauZtehQKya8taCi2R7XmrW0Dqis UYtsUCqpo63LQ6OzeJyQeYw2Dru3B/BURs/6t0vYd19zZEsgCnZtHcia4o9jDeENiN7MW9LqJx50QtxOEfhRoYadtBogUaqAf/X7ThaCTzqBV7pVvio8LufEP3J2XDg+wP/l6H7bDD/vFhzvnK+cbYd3/nOeeYcOCPn1CHO784fzp/OX2v/rD9c/3L964Z 69858zUOn9aw//hfT/XI9</latexit><latexit sha1_base64="a3xD2PD0odnwvZUqmlaPvJ6pSQY=">AAAJa3iclVbdbts2FFbb/STZX9rebbtgphZIBtWI3IsN u2oxJEvQIfDSJO0aeQFFURJhSlRIKrHBqs+xp9nt9gp7iL3DDiXbsaSswATYpM738Rye7xwSCgvOlN7d/fvO3XsffPjRx2vrG598+tnnX2zef3CmRCkJPSWCC/k6xIpyltNTzTSnrwtJcRZy+iqc/GjxV1dUKibyEz0r6DjDSc5iRrAG08Xm8DDXVF4Jqe kURRAP54SiINjYPs2ZRiJGRKRUUmvlNE90unOx6e4OdusH9Sf+fOI682d0cX9tK4gEKTOaa8KxUuf+bqHHBkvNCKfVRlAqWmAywQk9h2mOM6rGpk6uQo/BEqFYSPjlGtXW1RUGZ0rNshCYGdap6mLWeBt2Xur4+7FheVFqSK8JFJccaYGsUqCGpETzGUww kQz2ikiKJSYgWDuKTiWFF6k1Djv5mBRcSUnjtjUMs2rjtp16IAjUi8bePC072sSVl0hcpIxMvazkmklx7dVaeGHmQfE0EVnhWRdaCK7a4WBv2DZT26ok4Xralh9z7pFMs2JsprM23fqWKla3OfGgIbmnyjBmSSk7ErTl8aI6H6+RYCMAgVIouW1H8/zn0U 97R1XbuHd20jeOfj05OHxuNYxoHEjq+mYbhti4frVTNdZRbAK7aVE0o8zMKK6qOXoie+iJXKIqyW9gKy/AYKvxnF6D2BnOIxMQHlbwbwthQl7SPi6XuKRRH86WMJxMOCC4T0mWFDLDeRcP6WVl/xOWG3pZ1vJ0ObTmUJj+FwO8YCnxbMVV3hj6rhbExt/tt GPo+HN/bGAcvAtEbu8nwjS19akQapNfUlKTYQTyvIo9FuRgSXuXg3crpe6yoAFr2j5L3uMLWGpBU+/hhYolGYZcs1BM4VXwyDbFo6C2P+pmrd9UTddobd70wAmAmvGIgqMYTapAsiTVIJ+4Rk9aCOyjs5HCVnB0YY6e+NVvJoBuBENl+3+VdQUhFi6aPs6 VAfpVkeJci8x8u2xwOi3gdnN9d+g+hTUc5wmnyPXRW4jtDpEd3acokDWwWEUOgEswRwcLS4o5HLMYrkXjV2a4PD+lbs6Nis3L02p7uHMDiA4Cm7zw5/Bk3wQTCms9myTarwKvqyPcKnXpzutMR3Gst35AdfXG3aaWuGauZtehQKya8taCi2R7XmrW0Dqis UYtsUCqpo63LQ6OzeJyQeYw2Dru3B/BURs/6t0vYd19zZEsgCnZtHcia4o9jDeENiN7MW9LqJx50QtxOEfhRoYadtBogUaqAf/X7ThaCTzqBV7pVvio8LufEP3J2XDg+wP/l6H7bDD/vFhzvnK+cbYd3/nOeeYcOCPn1CHO784fzp/OX2v/rD9c/3L964Z 69858zUOn9aw//hfT/XI9</latexit>
Intervortex distance
(Unit of coherence length)
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FIG. 6. The tunneling conductance (a,b) and the conduc-
tance peak (c,d) of the Coulomb blockaded superconducting
island with the two leads in contact with the two vortices re-
spectively, where Vg = 0 corresponds to the resonant point
Ng = N + 1/2. (a,c) two CdGM modes located at two vor-
tex cores spatially separated have 0.2 and 0.21 meV energies
respectively without MZMs. Since the red dashed lines in
(a,b) represent the conductance peaks, for kBT  E1, the
Vg location of the conductance peak is independent of the
intervortex distance. Panel (c) shows the conductance ex-
ponentially decays to zero as a function of the intervortex
distance at kBT  E1. (b,d) two MZMs are located at two
vortices separately and one of the two vortices possesses a
CdGM mode with 0.2meV energy. The conductance mainly
stemming from the resonant tunneling via the MZMs is al-
ways a non-zero constant at any intervortex distance. For
kBT ∼ E1 and the short intervortex distance, the non-zero
conductance stems from the CdGM mode and the MZMs. For
the long intervortex distance, due to the suppression of the
CdGM conductance the MZMs lead to the non-zero constant
conductance.
zero constant at any intervortex distance as shown in
Fig. 6(b,d).
Appendix D: charging energy estimation
The charging energy estimation of the superconducting
island is an important requirement to determine the feasi-
bility of our readout proposal. First, the surface diameter
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of the island must be greater than London penetration
depth to collect enough magnetic flux for the formation
of Abrikosov vortices. Second, the island has to be thick
enough to avoid the coupling of the two Dirac cones on
the top and bottom surfaces, since the MZMs vanish in
the vortices once the Dirac cones disappear. The decay
length of this cone coupling is approximately given by
vF /δ = 2nm, where the Fermi velocity of the Dirac cone
vF ≈ 20nm·meV and the bulk gap connecting the sur-
face Dirac cone δ ∼ 10meV35. However, 2nm is not thick
enough. When the thickness (d) of the superconductor is
smaller than the London penetration depth of the bulk
material (λ), the effective London penetration depth for
the thin film depends on the thickness (λeff = λ
2/d)76.
That is, a thinner SC film leads to longer London pene-
tration depth. Therefore, to have the localized Dirac sur-
face and the minimum of the London penetration depth,
the thickness of the SC island should be greater than the
original London penetration depth (∼500nm69,70).
We can roughly estimate the charging energy of the
island by considering a sphere with radius r = 500nm
Ec =
e2
C
=
e2
4pir0r
= 2.9meV, (D1)
where we use r = 1 in the estimation. However, the
substrate always possesses the relative permittivity r
greater than one, the charging energy of the island is
commonly less than 2.9meV.
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